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We define the notion of rigid ring. This occurred naturally while studying pole-assignment of 
linear systems over rings. Several classes of rigid rings are given, e.g., semi-local rings; finite 
algebras over j-Noetherian rings of j-dimension 0, and over j-Noetherian domains of j-dimen- 
sion 1 with (0), j-prime; zero-dimensional Noetherian rings; some extension rings of R[X] 
where R is a O-dimensional, Noetherian ring. Further, it is proved that for certain fields K, 
K[X, Y] is not rigid. It is also proved that if R is a ring of integers in a number field with no real 
embeddings, then R[X] is not rigid. 
1. Introduction 
In [6, Corollary 3.61, Bumby et al. have proved that a projective free ring R is 
pole-assignable if and only if for every reachable system (F, G), F-‘(im G) contains 
a unimodular vector. It is clear from their proof that if R is a pole-assignable, 
projective free ring then for any reachable system (F, G), im G contains a unimodular 
vector. We intended to prove the converse. It is immediate that whenever (F, G) is 
a reachable n-dimensional system, F induces an R-module isomorphism from 
R”/F- 1 (im G) to R”/im G. Therefore the converse will follow if we show that 
a projective free ring is rigid (Definition 2.1). This was our original programme 
to prove the converse, which however could not be successful. The converse has 
since been proved by C.G. Naude and G. Naude [12]. In this direction, we proved 
that a two-dimensional reachable system (F, G) over a projective free ring R 
is pole-assignable if and only if the image of G contains a unimodular [ 15, Theorem 
21. The notion of rigid ring which arose in this connection, however, seems to 
be interesting algebraically. The purpose of this paper is to place results in this 
regard on record. All rings are commutative with identity and all modules are finitely 
generated. 
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2. 
We shall first record some basic definitions and then prove some elementary results. 
Definition 2.1. A ring R is called rigid if whenever for a sub-module K of a free 
R-module F of rank n, F/K is generated by m < n elements, K contains a unimodular 
element of F. 
Definition 2.2. A sub-module B of a projective R-module P is called basic if for every 
maximal ideal m of R the image of B in P/mP is non-zero. 
Definition 2.3. If for a ring R every basic sub-module of R” contains a rank one direct 
summand of R”, then R is called a BCS-ring. 
Definition 2.4. A ring R is called a BCU-ring if every basic sub-module of a finitely 
generated free R-module F contains a unimodular element of F. 
Remarks. (i) Clearly BCU-rings c BCS-rings c PA-rings. 
(ii) It is easy to see that any finitely generated projective module of constant rank 
over a BCU-ring is free. It is proved in [ 1 S] that a l-dimensional, Noetherian ring is 
BCS. Therefore a l-dimensional Noetherian ring R with Pit R # 0 is BCS, but not 
BCU. The ring R = Z[X]/(X” + 6) is l-dimensional, Noetherian and the ideal 
_ - 
I = (X, 2) is projective, non-free. Thus Z[X]/(X’ + 6) is BCS, but not BCU. Also 
A = rW[X, q/(X2 + Y2 - 1) being a l-dimensional. Noetherian ring is BCS, but as 
Pit A = Z/(2), A is not BCU. 
Definition 2.5. A ring R is called a local-global ring, if every polynomial (in several 
variables) over R admitting unit value locally admits unit value globally. 
Proposition 2.6. A BCU-ring is rigid. 
Proof. Let R be a BCU-ring. For a sub-module K of R”, we have a surjective 
R-module homomorphism 
cp: R”-‘--) R”/K. 
Then it is immediate that K is a basic sub-module of R”, hence as R is a BCU-ring, 
K contains a unimodular in R”. Thus R is rigid. Cl 
Lemma 2.1. A ring R is BCU if and only if R is BCS and Pit R = 0. 
Proof. We have noted that any finitely generated projective module of constant rank 
over a BCU-ring is free. Thus the result is immediate. 0 
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Remark. This is the definition of BCU-ring in [S]. 
Proposition 2.8. Let J be an ideal of a rigid ring R. Then R/J is a rigid ring. 
Proof. Put S = R/J. Let for a sub-module K of S”, there is an S-module epimorphism 
q:S”_’ -F/K. 
Consider the natural R-module epimorphism 
V/:R n-S”, 
and put L = v]-‘(K). Then for an R-module morphism cx the diagram 
R”-’ fi , R”IL 
fl I I i 
,Y1_re,S”/K 
is commutative, where $ is the isomorphism induced by ye. Clearly CI is onto. Thus, as 
R is rigid, L contains a unimodular in R”. Therefore K contains a unimodular in s”. 
Hence S is rigid ring. 0 
Proposition 2.9. Let I be an ideal of a ring R contained in its Jacobson radical. If 
S = R/I is a rigid ring then R is rigid. 
Proof. Let for a sub-module K of R”, we have an R-module epimorphism 
RF’ A R”IK. 
If q is the natural epimorphism from R” to S”, L = v](K) is a sub-module of S” and 
q induces surjective R-module homomorphism 
R”/K ‘1 sn/ L. 
Note that 4. cp(Z R”- ’ ) = 0. Hence there exists an R-module epimorphism CI such that 
the diagram 
R”-’ V , y-l 
is commutative. As S is rigid, L contains a unimodular in S”. Thus it is immediate that 
K contains a unimodular in R”. Hence R is rigid. 0 
Corollary. A ring R is rigid if and only if R [ [X]] is rigid. 
Proof. It is clear from Propositions 2.8 and 2.9. 0 
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Proposition 2.10. Let R = RI x ... x R, he a product of rings. Then R is rigid if and 
only if each Ri is rigid. 
Proof. It is easy. 
Lemma 2.11. Let R be a semi-local ring or a P.I.D., then R is rigid. 
Proof. In either case R is known to be BCS [18], moreover, Pit R = 0. Hence R is 
rigid by the Proposition 2.6 0 
Remarks. As projectives over a semilocal ring or p.i.d are free, the result in Lemma 
2.11 can be stated as: If R is a semi-local ring (P.I.D.), then for a sub-module K of R”, 
R”/K is generated by n - 1 elements if and only if K contains a unimodular. 
We now record some rigid rings using Proposition 2.6. 
Lemma 2.12. If R is a valuation ring, then R[X] is rigid. 
Proof. Clear from [S, Corollary 41. 0 
Lemma 2.13. Let R be a principal ideal domain with countable number of primes. If 
R contains an uncountable field L, then R[X] is rigid. 0 
Proof. By [S, Theorem 81, R[X] is BCU. Hence it is rigid. cl 
Remark. For R as in Lemma 2.12 or Lemma 2.13, R [a] is rigid for any simple ring 
extension of R by the Proposition 2.8. 
Lemma 2.14. A local-global ring R is rigid. 
Proof. Using [4, Proposition 31, R is BCU. Therefore it is rigid. 0 
Corollary. Let R he a commutative ring with countable number of maximal ideals. If 
R contains an uncountable jield, then R is rigid. 
Proof. It is clear using [S, Lemma 63. 0 
The proof of [4, Proposition 31, used in our Lemma 2.14, is rather complicated. It 
may be of interest to record the following elementary proof. 
Proposition 2.15. Let R be a local-global ring, then R is feed-back cyclic. 
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Proof. Let (F, G) be an n-dimensional reachable system with m-inputs over R. Put 
where the Uks and Xijs are indeterminates over R. 
Consider the determinant 
1 GM, (F + GK)Gu, . . ) (F + GK)“-’ Gul = g(Xij, U,). (1) 
As a local ring is feed-back cyclic [6], g(X<j, U,) locally admits a unit value. Therefore, 
R being local-global, g(Xij, IJ,) globally represents a unit. Hence R is feed-back 
cyclic. 0 
Lemma 2.16. Let R be a ring of dimension 0. Then S = R[X] is rigid. 
Proof. By [4, Theorem 21, S is BCU. Hence the result follows by the Proposition 
2.6. q 
3. Some more rigid rings 
We give here some more examples of rigid rings. 
Proposition 3.1. Let J be the Jacobson radical of a ring R. lf R/J is Von-Neumann 
regular, then R is rigid. 
Proof. By Proposition 2.9, it is sufficient to prove that R/J is rigid. Thus we can 
assume that R is Von-Neumann regular. Let for a sub-module K of R”, we have an 
epimorphism 
RF’ 2 R”/K. 
Then K is basic in R”. Hence as in [18, Proposition 1.41, K contains a unimodular in 
R”. Thus R is rigid. 0 
Corollary. A zero-dimensional ring R is rigid. 
Proof. If N is the nil-radical of R, then R/N is Von-Neumann regular. Hence the 
result follows. 0 
Proposition 3.2. Let R be a O-dimensional Noetherian ring. Zf A is a Noetherian ring 
such that R [X] c A c R [X, X- ‘1, then A is BCU and hence is rigid. 
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Proof. Let B be a basic sub-module of A”. By [3, Proposition 3.11, dim A = 1. Hence 
A is a BCS-ring [lS, Theorem 3.41. Therefore B contains a rank one direct summand 
P of A”. Now, by [3, Theorem 4.21, P contains a unimodular element. This proves A is 
BCU. Consequently A is rigid. 0 
Proposition 3.3. Let R be a O-dimensional, Noetherian ring and S, a multiplicatively 
closed subset of non-zero divisors in R [ X]. lffor a ring A, R [X] c A c S ‘R [Xl, then 
A is BCU and hence rigid. 
Proof. The proof is similar to that of Proposition 3.2 except that in this case 
dim A I 1 by [3, Proposition 3.21; A is BCS by [lS, Proposition 1.4 or Theorem 3.41 
and we use [14, Theorem 1.11 for [3, Theorem 4.21. Cl 
Proposition 3.4. Zf R is O-dimensional Noetherian ring, then A = R[X, Y]/(X Y) is 
rigid. 
Proof. The proof is similar to that of Proposition 3.2 except that here we use 
[3, Theorem 5.33 in place of [3, Theorem 4.21. 
Lemma 3.5. Let R be a j-Noetherian ring of j-dimension 0. Then for any R-algebra A, 
which is a finitely generated R-module, A is a rigid ring. 
Proof. Let for an A-submodule K of A”, 
A”-’ 2 An/K--+0 
be an exact sequence of A-modules. For any maximal ideal m of R, j-dim m + 1 = 1, 
and 
&A,, (A”/K)m) I n - 1 = ,u(A,, (A”),,,) - 1. 
Thus, by [7, Theorem A, Lemma 11, K contains a unimodular element in A”. Hence 
A is rigid. 0 
Theorem 3.6. Let R be a j-Noetherian domain ofj-dimension 1 where (0) is a j-prime. Let 
A be an integral domain which is a finitely generated R-module. Then A is a rigid ring. 
Proof. Let for an A-submodule K of A”, 
A”-’ & An/K--+0 
be an exact sequence of A-modules. As seen in Lemma 3.5, for any maximal ideal m of 
R, 
p(A,, (A”IWm) 5 p(A,, (A”),) - 1. 
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Thus K is j-dimm + 1 = l-fold basic at m in A”. For the prime ideal (0) 
j-dim(O) + 1 = 2. Take R(,, = Q, the field of fractions of R, and A(,,, = E, the field 
of fractions of A. If dim,((A”/K),,,) I n - 2 then p(AcO), (An/K)& I p(AcO), 
(A”),,,) - (j-dim (0) + 1). However, if dim,(A”/K)(,, = II - 1, using the exact se- 
quence, 
O-L-A”- 1 & An/K-O, 
where L = ker cp, it follows that L = (0). Thus cp is an isomorphism. Consequently, the 
exact sequence of A-modules 
O-K-A” -A” JKdO 
splits. Hence 
A” z K CB A”-‘. 
This proves that K is generated by a unimodular element of A” in this case. Thus using 
[7, Theorem A, Lemma 11, it follows that K contains a unimodular element of A” in 
any case. Hence A is rigid. 0 
Corollary. Let R be a Noetherian domain of dimension 1. Then for any integral domain 
A, which is jinitely generated R-module, A is a rigid ring. 0 
We now give an example of a two-dimensional rigid ring, which is not pole- 
assignable. 
Example3.7. LetA=[W[X,Y],a=X*+Y*-l,S=l+aAandR=S-’A.Then 
aR is contained in the Jacobson radical of R, and RIaR is isomorphic to the ring 
A/aA, which is a Dedekind domain, hence is rigid. Thus by Proposition 2.8, R is 
a 2-dimensional rigid ring. It is, however, proved in [ 181 that R is not pole-assignable. 
4. Some non-rigid rings 
In this section we shall show that some very nice rings are not rigid and leave open 
the question: Is for a finite field [F, [F[X, Y] rigid? We expect negative answer. 
Lemma 4.1. Let R be a rigid ring. Then any stably free module over R is free. However, 
the converse is not true. 
Proof. Let P be a projective module of smallest rank t > 0 over R, which is stably free. 
Let PsR” = R”‘+‘. Then there exists a natural epimorphism of R-modules 
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As R is rigid, P contains a unimodular. Thus P = RoQ. Here rkQ < rk P and Q is 
clearly stably free. This contradicts our assumption on P. Hence P is free. 
To prove that the converse is not true, we shall show that rW[X, Y,Z] is not rigid. 
Let 
A = R[X, Y,Z]/(X2 - X)(Y2 - Y)(Z2 - Z). 
From [17, Theorem 71, A2 does not satisfy cancellation condition. Hence A is not 
rigid. Therefore by Proposition 2.8, rW[X, Y,Z] is not rigid. 0 
Theorem 4.2. Let R be a regular domain of dimension 1 with SK,(R) = 0. If for 
y E R[X], SK,(R[X]/(y)) # 0, then R[X] is not rigid. 
Proof. By [16, Corollary 6.61, we have 
SL(RCXl) = &(RCXI), 
for all r 2 3. Further, as dim R[Xl/(y) = 1, the sequence SL,(R[X]/(y))-+ 
SKr(R [X]/(y)) -+ 0 is exact. Choose (J $,) E SL2(R [X]/(y)), which has image # 0 in 
SKI (R [X] l(y)). Now, consider 
(RCXI)2 0 RCXlI(y)-0, 
e,-&, e2-D 
where e,, e2 are the canonical basis elements of the free R [XI-module R [X12. Clearly, 
e is onto. As p(R[X]/(y) < p(R[X12) = 2, if R[X] is rigid, there exists aer + be2 in 
the kernel of 0 which is unimodular. Hence there exist s,t E R[X], such that 
at+bs= 1 andtidi+&j?=O. 
Then 
Elements on the left-hand side in (2), are in SL,(R[X]/(y)), hence the right-hand side 
is in SL,(R[X]/(y)). It is now easy to see that the matrix on the right in (2) is in 
E2(R[X]/(y)). Further, as (P, S) E SL,(R[X]), it is stably elementary since 
E,(R[X] = SL,(R[X]) for r 2 3. Thus ($ -;) is stably elementary. This would imply 
from (2) that ($ !!) is stably elementary, which is not true, because image of this 
element in SK1 (R [X]/(y)) is non-identity. Hence R [X] is not rigid. Cl 
Corollary 4.3. [w [X] [Y] = [w [X, Y] is not rigid. 
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Proof. We have SK, rW[X, YJ(X’ + Y2 - 1) = { 1, - l}, i.e. cyclic of order 2. Thus 
the result follows from the theorem. 0 
Corollary 4.4. Let F be a field with K2 F # 0. Then F [X, Y] is not rigid. 
Proof. In [13] it is proved that for A = F[X, Y]/ Y(X2 - Y - X), SKI(A) = K2(F). 
Hence the result follows from the theorem. 0 
Remarks. (i) From Corollary 4.4, it follows using results in [l l] that rW[X, Y], 
C[X, Y] (use [ll, Theorem ll.lO]), K [X, Y], where K is a number field (use [ll, 
Corollary 16.21) etc. are not rigid. One standard case which is not covered is that of 
a finite field. 
(ii) The theorem remains valid if for an ideal 1 of R [IX], SK, (R [Xl/I) # 0. 
Lemma 4.5. Let K be afield transcendental over its prime field. Then K [X, Y] is not 
rigid. 
Proof. In [13] it is proved that for A = K [X, Y]/ Y(X’, Y), SK1 (A) = a,,,. We shall 
show that under the given conditions s2,&, # 0. The result will then follow from the 
Theorem 4.2. 
Case 1: char K = 0. From [lo, Theorem 25.11, we have the exact sequence 
As Q,;, = 0, we conclude that Q,,, is isomorphic to RklQ. Now, from [lo, Theorem 
26.11, it is clear that ii!KjQ # 0, since trQ K 2 1. Consequently fiKlr # 0. 
Case 2: char K = p > 0. Consider the composite ZL z/p = [F, _I K of ring 
homomorphisms, where q is the natural homomorphism and i is the inclusion map. 
The proof in this case is similar to that of case 1. We only have to note that 
&QFpjh = 0. 0 
Theorem 4.6. Let R be the ring of integers in a number field with no real embeddings, 
then R[X] is not rigid. 
Proof. By [l 1, Corollary 16.31, SK, R = 0. Hence the result will follow in view of the 
second remark after Theorem 4.2, if we show that there exists an ideal I in R [X] such 
that SK1 R[X]/Z # 0. We shall prove this below. Before we prove our claim, let us 
note the following. 
Lemma 4.7. Let R be an integrally closed domain and let N, PI, . . , P, be maximal 
idealsinRsuchthatN#N2,N#Pi,i=1,2 ,..., t. Then there exists a simple integral 
extension domain S of R such that exactly two distinct maximal ideals lie over each Pi. 
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Proof. The proof is similar to [9, Lemma 2.81. 0 
Corollary 4.8. Let R be the ring of integers in a number-field K. Let J be a non-zero ideal 
in R and let J = P;’ ... P>(ri > 0) be the factorisation of J into product of distinct prime 
ideals. Then there exists a quadratic extension L of K in which each Pi splits as a product 
of two primes. 
Proof. In the proof of Lemma 4.7, S is obtained as the quotient of R[X] by an 
irreducible polynomial of degree 2. Thus L can be taken to be the field of fractions of 
s. 0 
We, now prove our claim. The proof of the result below was provided by 
V. Sreenivas. I am thankful to him. Our proof is a slight variant of his proof. 
Lemma 4.9. Let R be the ring of integers with no real embeddings. .Then there exists an 
ideal I of R[X] such that SK,(R[X]/I) # 0. 
Proof. By [l, Corollary 4.3(d)], we have 
ljm SK1 (R, J) = pK, 
where pK is the group of the roots of unity in K, the field of fractions of R. As pLK is 
finite and for ideals J, c Jz c R, the natural map SKI (R, Jt) --$ SKi(R, Jz) is onto 
[ 11, p. 381, it is clear that there exists an ideal 91 of R such that for any ideal J c 21, 
SKr(R, J) = SKi(R, ‘%) = pK. 
Let us note that for any ideal I of R, the sequence 
K,R+K,RII- SK I (R, 4 -SK, R 
is exact. Hence as SKI(R) = 0, for any ideal J c ‘11, the sequence 
KzR-K, R/J-p, -0 
is exact. Let J = P;’ ... P;’ be the factorisation of J as product of powers of distinct 
maximal ideals. By Corollary 4.8, there exists a quadratic extension L of K in which 
each Pi splits as product of two distinct primes. Let S be the ring of integers in L. If 
Pi = Qil Qt2, where Qil, Qi2 are distinct maximal ideals in S, then 
R/Pi g S/Q,1 E S/QiZ, 
Further, for 
P.K. Sharma/Journal of Pure and Applied Algebra 95 (1994) 225-237 235 
JS = Jr Jz, where J1, J2 are co-maximal, and R/J E S/J1 E SJJ2. Now, consider the 
fibre product diagram 
I I 
R/J- S/JS 
It is easy to see that we can take B = R + JS. Thus B/JS z R/J. We shall show that 
SK1 B # 0. Firstly, note that we have the commutative diagram 
K,B-K,BIJS - SKr(B, JS) -SK1 B-O 
K2S-K2S/JS -SKi(S,JS)- 0 
with exact rows. The vertical map SK1 (B, JS) + SK1 (S, JS) is onto as JS is an ideal in 
both S and B. By diagram chasing we get the exact sequence 
K2Sc+K,BIJS A K,S/JS --f SK1 B/im M-O 
where M = ker (SK1 (B, JS) + SK, (S, JS)). 
Now, to prove that SK1 B # 0, it is sufficient to show that $ is not onto. Consider 
the commutative diagram of rings 
S-SIJS 
R-RIJ 
Here S is projective R-module of rank 2, and SIJS z S/J1 x S/J, z R/J x R/J, is a free 
R/J-module of rank 2. Hence using transfer maps [ll, Section 141, we get the 
commutative diagram 
K2S- K,SIJS 
I I 
K,R -K2 R/J 
where the vertical arrows are transfer homomorphisms. As S/JS E R/J x R/J, we have 
K$/JS E K,R/J@K,R/J, and the transfer map K2S/JS+ K,R/J is identified with 
the addition homomorphism K,R/JeK,R/J + K,R/J. Hence the diagram above 
induces the surjection 
coker(K,S -+ K,SfJ) -coker(K,R + K,R/J). 
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Further, as R/J E B/JS, the map K,B/JS + K,S/JS is identified with the diagonal 
map K,RJJ -+ K,R/JoK,RIJ. Hence the composite 
K, B/ JS- K,SIJS lransfer K,RIJ 
is precisely multiplication by 2 on K,R/J. Consequently we have a surjection 
coker ($@2/22) +coker((K,R- K,RIJ)@Z/2Z) r ,uK@Zh/2Z. 
Note that - 1 E pLK has order 2. Thus p,@Z/2h E Zi/2Z. This proves coker $ # 0. 
Consequently SKiB # 0. Let us now note that as quotient field of B is L, there exists 
an element x E B such that L = K(x). Put A = R[x]. Then B is a finite A-module and 
A and B have same quotient field. Hence SKi.4 + SK1 B is onto. Thus as SKiB # 0, 
we conclude SK,A # 0. Consequently for the ideal I = ker(R[X] + R[x]), we get 
SK,R[X]/I # 0. 0 
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